Correspondence between bulk equilibrium spin-currents and edge spin
  accumulation in wires with spin-orbit coupling by Tokatly, I. V. et al.
Correspondence between bulk equilibrium spin-currents and edge spin accumulation
in wires with spin-orbit coupling
I. V. Tokatly,1, 2, 3, ∗ B. Bujnowski,3, † and F. S. Bergeret4, 3, ‡
1Nano-Bio Spectroscopy Group, Departamento F´ısica de Materiales,
Universidad del Pa´ıs Vasco, Av. Tolosa 72, E-20018 San Sebastia´n, Spain
2IKERBASQUE, Basque Foundation for Science, E-48011 Bilbao, Spain
3Donostia International Physics Center (DIPC) - Manuel de Lardizabal 5, E-20018 San Sebastia´n, Spain
4Centro de F´ısica de Materiales (CFM-MPC) Centro Mixto
CSIC-UPV/EHU - 20018 Donostia-San Sebastian, Basque Country, Spain
(Dated: January 24, 2019)
We demonstrate that the interplay of Zeeman and spin-orbit coupling fields in a 1D wire leads
to an equilibrium spin current that manifests itself in a spin accumulation at the wire ends with
a polarization perpendicular to both fields. This is a universal property that occurs in the normal
and superconducting state independently of the degree of disorder. We find that the edge spin
polarization transverse to the Zeeman field is strongly enhanced in the superconducting state when
the Zeeman energy is of the order of the superconducting gap. This hitherto unknown transverse
magnetic susceptibility can be much larger than the longitudinal one, and generalises the well
established theory of the Knight-shift in superconductors to the case of finite systems.
Spin currents have been a subject of intensive investi-
gations in several branches of condensed matter physics
[1–4]. Special attention was brought to equilibrium spin
currents (ESC) that may exist in materials with spin-
orbit coupling (SOC). The interpretation of the ESC in
such systems remained under debate for a while because
in the presence of SOC the spin is not conserved in a cus-
tomary sense [2, 5–7]. The theoretical controversy can
be removed by treating the SOC as an external SU(2)
gauge field [8, 9], but from the experimental point of view
ESC still remain elusive. There were several suggestions
to detect ESC indirectly, for example in form of result-
ing mechanical and spin torques [10, 11]. However, to
best of our knowledge such measurements have not been
achieved and the ESC remains to be elucidated.
In this letter, we demonstrate a correspondence be-
tween ESC in wires with SOC and a transverse spin accu-
mulation at the edges of the corresponding finite system.
This correspondence is universal in the sense that it holds
for any many-body one-dimensional system, provided the
particle-particle interaction is spin-independent. ESC
appear when a Zeeman field h with a component per-
pendicular to the SOC is applied. The bulk ESC is al-
ways accompanied with the edge spin accumulation that
is transverse to both the Zeeman field and SOC, and as
a function of h shows a cusp when h =
√
µ2 + ∆2, where
µ is the chemical potential of the wire and ∆ the induced
superconducting gap. Interestingly, this cusp shows up
in both the normal (∆ = 0) [12] and superconducting
state. More striking, when ∆  µ, the transverse spin
accumulation shows a sharp maximum at h ≈ ∆ which
can be much larger than the magnitude of the spin accu-
mulation at the cusp. We analyze in detail this maximum
of the spin accumulation and show its robustness against
disorder. Finally we present analytical results for the
spatial distribution of the magnetic moment induced as
a response to the Zeeman field. We find that the trans-
verse susceptibility close to the edge of the wire can be
much larger than the longitudinal one, provided the SOC
is small. This generalizes the well known Knight-shift in
bulk systems for the case of finite samples [13–15].
In the context of Majorana fermions [16–23] the pres-
ence of a transverse polarization has been identified as a
signature of the topological transition [22, 24, 25] when
h =
√
µ2 + ∆2. However, as discussed in Ref. 12 such
transverse polarization also appears in the normal state
and therefore this identification has to be treated with
care. Our work shows that the transverse spin polar-
ization is a universal property of any one-dimensional
system supporting ESC and it exists at all values of h,
including those far below the topological transition.
We consider a 1D system with a linear in momentum
SOC in the presence of a Zeeman or exchange field. As
we will show, an equilibrium spin current, appears when
the Zeeman field vector is perpendicular to the SOC field.
Without loss of generality let the wire be oriented along
the x-axis, Rashba SOC along the y axis and a Zeeman
field along the z-axis. The many-body Hamiltonain in
that case reads
H =
N∑
i=1
[
pˆ2xi
2m
+ αpˆxiσ
y
i + hσ
z
i + Vc(xi)
]
+Hint , (1)
where the index i labels the particles, Vc(x) is a con-
finement potential, pˆxi = −i∂xi is the momentum oper-
ator, α is the strength of the SOC, h is the Zeeman field
and Hint describes a spin-independent interaction. This
Hamiltonian is real and therefore its eigenfunctions can
be chosen real. This implies that in equilibrium there is
no component of the spin density parallel to the SOC,
sy(x) = 0. Similarly, by defining the spin current opera-
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2tor in the standard way [2, 6, 8, 10],
Jˆax (x) =
1
4
N∑
i=1
{{ ∂H
∂pˆxi
, σai
}
, δ(x− xi)
}
, (2)
we find that the system can only support an equilibrium
spin current Jyx (x) polarized along the y-axis.
In equilibrium the equation of motion for the spin den-
sity takes the standard form,
∂xJ
y
x (x) + hs
x(x) = 0 , (3)
where the last term is the usual spin torque due to the
Zeeman field. This equation shows that ESC in the bulk
of the system may exist only if the x-component of the
spin is accumulated at the edges. In other words, Eq. (3)
establishes a correspondence between the bulk property
of the system, the ESC, and the net spin accumulation
transverse to the Zeeman field at the edge of a finite
system. An example of this correspondence has been
obtained in Ref.[12] for a non-interacting finite 1D wire
contacted to leads.
In a semi-infinite wire, where all particles are confined
in the right half-space, the spin accumulation at the left
edge is obtained by integrating Eq.(3)
Sx ≡
∫ +∞
−∞
sx(x) = − 1
h
Jyx (∞) . (4)
Thus the edge spin accumulation can be determined by
calculating the ESC which is a bulk property independent
of boundary conditions. For a finite wire, the transverse
spin accumulation at opposite edges is equal in magni-
tude but oriented in the opposite direction, as shown
schematically in Fig. 3a. In the following we will use
this relation to compute the transversal spin accumula-
tion in normal and superconducting systems.
We start with the example of a normal ballistic wire
described by the Hamiltonian in Eq.(1) without interac-
tions Hint = Vc = 0 [12]. The spin current can be written
as
Jyx =
∫
dk
2pi
Tr [σy vˆxρˆk] (5)
with the velocity operator vˆx =
∂H
∂pˆx
= km + ασˆ
y and the
equilibrium density matrix, projector on the two eigen-
states E±k = ξk ± Ek
ρˆk =
∑
i=±
ρikf(E
i
k), ρ
±
k =
1
2
(
1± αkσˆy + hσˆ
z
Ek
)
(6)
respectively, where ξk = k
2/2m − µ, Ek =
√
α2k2 + h2
and the Fermi distribution is denoted by f(E). We focus
on the case T = 0 and µ, α, h > 0. Introducing the Fermi
momenta for the two spin split bands
k± =
√
2m
[
mα2 + µ∓
√
(mα2 + µ)
2
+ h2 − µ2
]
(7)
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FIG. 1. Transverse spin accumulation as function of the Zee-
man field for various values of αkF in the a) normal and b)
superconducting case at T = 0.
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FIG. 2. Spin accumulation calculated in the quasiclassical
limit as function of the Zeeman field for various values of αkF
in the a) ballistic and b) diffusive limit at T = 0. In the
diffusive limit we have chosen ∆τ = 0.1.
the current can be expressed as the sum of the contribu-
tions from the two spin splitt bands
Jyx = J
y,−
x + Θ(µ− h)Jy,+x (8)
where +, − labels the upper, lower band respectively.
The contributions are
Jy± =
αk±
pi
± 1
2mpi
[
k±
α
√
(αk±)2 + h2
−h
2
α2
ln
(√
(αk±)2
h2
+ 1 +
α
h
k±
)]
. (9)
Clearly the ESC is finite only if both the SOC and Zee-
man field are finite. The transverse spin accumulation
can be computed by substituting Eq. (9) into Eq. (4).
The result is shown in Fig. 1a. For h < µ the spin current
increases until to point h = µ where k+ = 0. For larger
h the upper band does not contribute, which results in a
cusp-like maximum in the spin current, in accordance to
the results of Ref. [12] for a normal wire [26].
Now we assume that the wire is placed on top of a su-
perconductor so that it is fully proximized. The system
3is described by the Bogoliubov de Gennes (BdG) Hamil-
tonian in the Nambu-Spin space
H =
(
pˆ2x
2m
− µ+ αpˆxσˆy
)
τz + hσˆz + ∆τx (10)
where ∆ is the SC order parameter. The Hamiltonian
has the spectrum (i = 1, 2)
E±i = ±
√
ξ2k + (αk)
2 + h2 + ∆2 + (−1)i2Q (11)
with Q =
√
(ξ2k + ∆
2)h2 + ξ2kα
2k2. The spin current can
be written as
Jyx =
∫
dk
2pi
∑
i=±1,±2
Tr
[
PiJˆ
y
x
]
f(Ei) (12)
where Pi =
∏
j 6=i
H−Ej
Ei−Ej is the projection operator to
the eigenstate |ni〉 of the BdG Hamiltonian and Jˆyx =(
k
m σˆy + α
)
τz the spin current operator in Nambu-spin
space. Evaluating the expression at T = 0 leads to
Jyx =
α
2pi
∫
dk
1− ξk2 ∑
i=1,2
[
1
Ei
(
1 + (−1)iE
2
k
Q
)]
− α
2pi
∫
dk
 k22m ∑
i=1,2
[
1
Ei
(
1 + (−1)i ξ
2
k
Q
)] . (13)
The numerical evaluation of the integral shows two
prominent features as can be seen in Fig.1b). The cusp
like local maximum also obtained in the normal conduct-
ing case is shifted to h =
√
µ2 + ∆2 marking the critical
Zeeman field above which the wire is in the topological
phase. The second feature is a peak that appears within
the quasiclassical regime, h  µ. For small enough val-
ues of α this peak is at h ≈ ∆. By lowering α the peak
first gets narrow and simultaneously increases in magni-
tude exceeding by far the local maximum at the topolog-
ical transition. Further decrease of α reduces the height
of the peak until the spin current, and thus the spin ac-
cumulation, vanish non-analytically when α → 0. To
investigate this non-analyticity in α we turn to the qua-
siclassical approximation where the spin current is given
by [27],
Jax =
ipiN0
2
T
∑
ωn
Tr〈vF σˆagˇ〉. (14)
Here gˇ is the quasiclassical Green’s function that is
obtained from the Gorkov Green’s function by the ξ-
integration [28] gˇ = i/pi
∫
dξGˇ(k, ωn), 〈· · · 〉 is the av-
erage over the Fermi surface, T the temperature, N0 =
1/(2pivF ) is the 1D density of states at the Fermi level,
ωn = (2n+ 1)piT are the Matsubara frequencies and vF ,
kF denote the Fermi velocity, Fermi momentum respec-
tively. At T → 0 we obtain for the spin current
Jyx =
∫
dω
pi
Im
[
αkF
(
ω2 + ∆2 + iR
)
R
√
ω2 + ∆2 − h2 − α2k2F + 2iR
]
(15)
with R =
√
h2ω2 + (αkF )2(ω2 + ∆2). As shown in
Fig.2a the peak of Sx at h = ∆ within the quasiclas-
sical approximation shows the same behaviour as in the
exact case (cf. Fig. 1b). The peak is more pronounced
for small values of SOC and washes out with increasing
SOC strength. To describe the behavior at h = ∆ when
αkF  ∆ the integral can be approximated by keeping
only leading order terms in α/∆ which gives
Jyx ≈ −
αkF
pi
∫ ∞
0
dω
1
R3/2
≈ −2
√
αkF∆
pi
Γ(5/4)
Γ(3/4)
(16)
where in the second step R ≈ √(ωh)2 + (αkF )2. In a
similar fashion we can compute the spin current at the
point h = ∆ for finite temperature and αkF  T  ∆
which leads to
Jyx ≈ −
αkF
pi
3
2
√
∆
T
∞∑
n=−∞
1
|2n+ 1| 32 . (17)
The next important question is whether this strong en-
hancement of the spin accumulation for Zeeman energies
close to the gap is robust against disorder. To answer
this question we calculate the spin current in the diffu-
sive limit as follows [29]
Jyx = −i
piD
2
N0T
∑
ωn
Tr
{
σˆygˇ∇˜xgˇ
}
, (18)
where gˇ is the quasiclassical Green’s function in the
diffusive limit, D = v2F τ is the diffusion constant in
1D, τ is the momentum relaxation time, ∇˜x· = ∂x ·
−i(κα/2) [σˆy, ·], and κα = 2mα is the inverse of the spin
precession length. To find gˇ we solve the Usadel equation
for a bulk system[29]
1
2
[
Γˆgˇ, gˇ
]
− [(ωˆn − ihσˆz) τ3 + ∆τ1, gˇ] = 0 (19)
where Γˆgˇ = [σˆy, [σˆy, gˇ]] /4τα, and 1/τα = Dκ
2
α is the in-
verse Dyakonov-Perel spin relaxation time. The Green’s
function has to fulfill the normalization condition gˇ2 = 1.
The only non-vanishing components of the normal and
anomalous quasiclassical Green’s functions gˆ and fˆ are
the singlet and triplet-z components. Thus we make the
ansatz gˇ = gˆτ3 + fˆτ1 with gˆ = g0σˆ
0 + gzσˆ
z and fˆ =
f0σˆ
0 + fzσˆ
z. For this setup in equilibrium and for T = 0
the expression for the spin current, Eq.(18), reduces to
Jyx = −
αkF
∆
∆τ
∫
dω
pi
(
1− g+g− − f+f−) (20)
4with g± = g0 ± gz, f± = f0 ± fz. Substitution of the so-
lution of Eq. (19) into Eqs. (18-4) leads to the transverse
spin accumulation shown in Fig. 2b. We find the same
maximum in Sx at h ≈ ∆ for small values of SOC. To
investigate the behavior in this parameter regime we no-
tice that Eq. (19) and the condition gˇ2 = 1 are equivalent
to the following system of equations
g± =
ω ∓ (ih+ gz/2τα)√
(ω ∓ (ih+ gz/2τα))2 + (∆∓ fz/2τα)2
(21)
f± =
∆∓ fz/2τα√
(ω ∓ (ih+ gz/2τα))2 + (∆∓ fz/2τα)2
. (22)
In the limit ω  1/τα  h ∼ ∆ we can obtain from these
equations the Green’s functions. Within the logarithmic
accuracy the spin current, Eq.(20), is given by
Jyx ≈
2
3
αkF
pi
∆τ log (∆τα) . (23)
Thus, in the diffusive case the peak in the spin-current
at h = ∆ for small values of the SOC is reduced by a
factor ∼ δ log δ, with δ = ∆τ
√
αkF
∆  1, with respect to
the pure ballistic case, cf. Eq. (16). This explains the
large difference between the peaks heights in Figs. 2a-b,
for kFα = 0.05∆. Notice however that this difference is
not that pronounced for larger values of the SOC.
The general expression Eq. (4) relates the bulk ESC
to the transverse spin-polarization, Sx in a finite wire.
Sx accumulates at the edge and decays from the edge
towards the bulk, but the exact spatial distribution of
Sx has to be determined in each particular case. From
symmetry arguments it is also clear that in a wire of finite
length Sx at the two edges has opposite sign (see Fig.3a).
In the normal state the dependence Sx(x) was computed
numerically in Ref. [12] for a wire connected to two leads
and for values of h of the order of |µ|. Here we focus on
the superconducting state in the relevant quasiclassical
regime, h µ, for which the Eilenberger equation holds
±vF∂xgˇ± = i [±αkF σˆy + τ3 (iωn + hσˆz) + iτ2∆, gˇ±] .
(24)
Here gˇ± denotes the the GF for both propagation direc-
tions ±vF . We assume that the wire extends over the
region x > 0. At the edge, x = 0 no current flows and
the boundary condition imposes that gˇ+(0) = gˇ−(0). In
order to obtain simple analytical results we perform per-
turbation in h and write the solution of Eq. 24 as gˇ±(x) =
gˇBCS + δgˇ±(x) where gˇBCS = (ωnτ3 + ∆τ2)/E and
E =
√
ω2n + ∆
2. The spin density, or magnetic response,
is obtained from δMj = piiTµBN0
1
8
∑
ωn
Tr
[
τ3σˆ
jδgˇs
]
,
where δgˇs = δgˇ+ + δgˇ−. Specifically, we obtain
δgˇs =
2h∆gˇBCSτ1
E2 + (αkF )2
[
σˆz +
αkF
E
e
−
(
iσˆyκα+
2E
vF
)
x
]
, (25)
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b)
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FIG. 3. a) Scheme of the total magnetization (red arrows)
along a wire of finite length (blue solid line) when a Zee-
man field is applied in z-direction b) Spatial dependence of
the mangetization parallel and perpendicular to the exchange
field for a semi-infinite wire and different values of SOC. In
all plots T = 0.
and hence
Mx
M0
= ∆2piT
∑
ωn
αkF cos(καx)
E2 (E2 + (αkF )2)
e
− 2ExvF , (26)
δMz
M0
= ∆2piT
∑
ωn
E + αkF sin(καx)e
− 2ExvF
E2(E2 + (αkF )2)
, (27)
where M0 = µBhN0 is the Pauli paramagnetic term.
This is a remarkable result that generalizes the Knight
shift in superconducting systems with intrinsic SOC [15].
In a finite system besides the longitudinal response,
Mz = δMz − M0, there is a finite transverse magneti-
zation Mx accumulated at the edge of the sample which
decays toward the bulk over the superconducting coher-
ent length. At low temperatures, the ratio Mx/Mz at
the edge of the sample, x = 0, is proportional to ∆/αkF
and therefore the transverse magnetization can be much
larger than Mz provided αkF  ∆. The full spatial de-
pendence of Mx,z(x) is shown in Fig. 3b.
In summary, we have demonstrated a universal corre-
spondence between equilibrium spin currents and a trans-
verse spin accumulation in wires with SOC and a perpen-
dicular Zeeman field. Such spin accumulation appears in
both normal and superconducting systems. In the nor-
mal state the total edge spin is maximized for values of
h of the order of the chemical potential µ. More interest-
ing, in the superconducting state the effect can be max-
imized at values of the SOC and Zeeman energy much
smaller than µ. We demonstrated that this effect is ro-
5bust against disorder and manifest in a hitherto unknown
transverse magnetic susceptibility in finite systems.
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